Abstract: Imperfections and noise in realistic quantum computers may seriously affect the accuracy of quantum algorithms. In this article we explore the impact of static imperfections on quantum entanglement as well as nonentangled quantum correlations in Grover's search algorithm. Using the metrics of concurrence and geometric quantum discord, we show that both the evolution of entanglement and quantum discord in Grover algorithm can be restrained with the increasing strength of static imperfections. For very weak imperfections, the quantum entanglement and discord exhibit periodic behavior, while the periodicity will most certainly be destroyed with stronger imperfections. Moreover, entanglement sudden death may occur when the strength of static imperfections is greater than a certain threshold.
Introduction
Quantum algorithms, both in certainty and probability, have great advantages over classical algorithm in the potential of computing. It is believed that quantum algorithm provides speedup depending largely on quantum entanglement and other quantum phenomenon. Entanglement -a special kind of quantum state, is used to describe a compound system which contains two or more members in the quantum system. However, recent studies have demonstrated that there are other quantum correlations which cannot be captured by entanglement [1, 2] . In order to quantify and describe these non-entangled quantum correlations, quantum discord was proposed by Zurek et al [3] [4] [5] .
In realistic situations, a quantum computing system is not an ideally closed system and thus external environments will have an impact on it. Even if a quantum computing system is isolated, there will be unavoidable interqubit couplings in the hardware of quantum computers -which is called static imperfections [6, 7] . These static imperfections may lead to many-body quantum chaos, which strongly modifies the hardware properties of realistic quantum computers. Therefore, studying the behavior of quantum entanglement and quantum discord under static imperfections has far-reaching consequences.
Grover's quantum search algorithm plays an important role in the advance of quantum computation and quantum information because it provides a proof that quantum computers are faster than classical ones in database searching. The algorithm uses O( √ N) (N is the size of search space) evaluations to find a unique element in an unstructured database, while classical algorithms need O(N) steps [8] . Thus Grover search algorithm achieves a quadratic speedup over the classical algorithm in unsorted database searching. For the global stability diagram of reliable operability of the above mentioned algorithm the reader is referred to [9] . Using the methods of quantum trajectories or perturbative approach, the effects of dissipative decoherence on the accuracy of the Grover quantum search algorithm have been analyzed in Refs. [10] [11] [12] . For the unitary noise resulting from tiny fluctuations and drift in the parameters of the quantum components performing the Grover search algorithm, see [13] . The amount of entanglement of the multiqubit quantum states was calculated in Ref. [14] and the scale invariance property of entanglement dynamics was also exhibited.
As quantum discord is a novel and not yet fully understood measure of quantum correlations, we will mainly fo-cus on the evolution of it as well as quantum entanglement in the disturbed Grover search algorithm. Specifically, we will examine the behaviors of entanglement and quantum discord in the presence of static interqubit couplings. The paper is organized as follows. In Sec.2, we briefly review the Grover search algorithm. In Sec.3, we introduce quantum entanglement, quantum correlations and their measurements. The effects of static imperfections on quantum entanglement and quantum discord in Grover search algorithm are discussed in Sec.4. We conclude the paper with some discussions in Sec.5.
The Grover Search Algorithm
The search problem for an unstructured database is a fundamental and practical problem which appears in many different fields. It was first shown by Grover that searching a database using quantum mechanics can be substantially faster than any classical search of unsorted data.
Grover's search algorithm begins with a quantum register of n qubits, where n is the number of qubits necessary to represent the search space of size N = 2 n , all initialized to |0⟩. By applying the Hadamard operation H ⊗n , the qubits are put into an equal superposition state |φ 0 ⟩:
We then repeat the Grover transformation a number of times in order to enlarge the probability amplitude of the searched state |τ⟩ while restraining the probability amplitudes of other states. The Grover transformation operator G is composed of two operators: G = DO. Here the quantum oracle O is a quantum black-box that will rotate the phase of the state by π radians if the system is indeed in the searched state while do nothing otherwise. The diffusion operator D is independent of the searched state:
For the equal superposition state |φ 0 ⟩, t applications of the Grover transformation operator G give
where the Grover frequency ω G = 2arcsin( √︀ 1/N) and |η⟩ = ∑︀ i≠ τ |i⟩/ √ N − 1. Hence, the ideal algorithm gives a rotation in the two-dimensional plane (|τ⟩, |η⟩) [9] . If the quantum state is measured at the moment, the searched state |τ⟩ will yield with very high probability. Although Grover's algorithm is probabilistic, the error truly becomes negligible as N grows large.
Quantum Entanglement and
Quantum Discord
Quantum Entanglement and Its Measurement
Quantum entanglement is a quantum mechanical phenomenon in which the quantum states of two or more objects have to be described with reference to each other, even though the individual objects may be spatially separated. Entangled states display strong correlations that are impossible in classical mechanics. It is believed to be an essential resource for quantum computation, quantum communication etc. To quantify entanglement, a number of measures have been proposed, such as entanglement of formation, entanglement of distillation, entanglement cost, etc [15, 16] . Nevertheless, most proposed measures of entanglement involve extremizations which are difficult to handle analytically. For that reason we choose concurrence to investigate the behavior of entanglement because it is well justified and mathematically tractable. Suppose ρ AB to be the density matrix of a quantum system that is composed of two qubits, q A and q B . The concurrence of the two-qubit density matrix C(ρ AB ) is computed as: the complex conjunction of ρ AB in the standard basis {|00⟩, |01⟩, |10⟩, |11⟩}. The concurrence for a pure state is zero and it takes the maximum value of one for a completely entangled state.
Quantum Discord
If measurement of a single quantum subsystem alters global correlations, then the subsystems are quantum correlated. Entanglement is not the only kind of genuine quantum correlation. Compared with entanglement in composite quantum systems, quantum correlations are more general and fundamental. Recent studies have demonstrated that quantum entanglement is just one form of quantum correlation and there are other forms of correlations even in separable states [17, 18] . The use of quantum discord as a measure of quantum correlations has attracted increasing interest. Here ge-ometric quantum discord is used to describe and quantify non-entangled quantum correlation. This measure is significant in capturing quantum correlations from a geometric perspective. The geometric measure of quantum discord is defined as [19, 20] 
where the minimum is over the set of zero-discord states and the geometric quantity ‖ρ AB − χ AB ‖ 2 = Tr(ρ AB − χ AB ) 2 is the squared Hilbert-Schmidt distance between the Hermitian operators ρ AB and χ AB . Specifically, the density matrix ρ AB for a two-qubit state can be written as
where I is the identity matrix, 
where x = (x 1 , x 2 , x 3 ) T , W is a matrix consisted by w ij and λmax is the largest eigenvalue of the matrix K = xx T +WW T (the superscript T denotes the transpose). The geometric measure of quantum discord for an arbitrary state has been evaluated in Ref. [20] and an explicit and tight lower bound has been obtained.
The Effect of Static Imperfections
To study the effects of static imperfections on quantum algorithms, we use the standard generic quantum computer model proposed in Refs. [6, 7, 9] . The quantum computer model is defined as a two-dimensional lattice of qubits with static imperfections in the individual qubit energies and residual short-range interqubit couplings. The Hamiltonian of this model is
where σ
denotes the Pauli spin operators σ x(y,z) for the ith qubit, ∆ 0 is the average spacing between the two states of one qubit, α i denotes the fluctuation in the energy spacing of the ith qubit, and β il denotes the inter-qubit couplings over nearest-neighbor qubit pairs with periodic boundary conditions applied. Since the model in Eq. (7) catches the main physics of different experimental proposals, it can be considered as a generic quantum computer. Following [6, 7, 9, 22] we assume that the average spacing ∆ 0 is compensated by specially applied laser pulses so that the static imperfections act as an additional unitary operator Us = e −iHs between any two consecutive quantum gates in the quantum circuit. The parameters α i and β il arise generally as a result of imperfections and are chosen to be random numbers with initial values uniformly distributed in [−α, α] and [−β, β], respectively. α i and β il remain unchanged for one iteration of the Grover algorithm.
Without loss of generality, we will consider the coupling strength α = β = ϵ.
In our numerical experiments, we first defined a 3 × 3 square lattice which contains 9 qubits. As the implementation of Grover algorithm with the elementary quantum gates requires an ancillary qubit, the size of the search space becomes N = 2 8 . As a result, we can find the searched state after π √ N/4 − 1/2 ≈ 12 iterations of Grover algorithm. Similarly, a two-dimensional lattice model containing 4 × 3 qubits was generated. The size of the search space is correspondingly N = 2 11 and it takes approximately 35 iterations to find the searched state. According to Eq. (3) and Eq. (5), we have numerically calculated the concurrence and the geometric quantum discord with iterations of Grover search algorithm in the presence of imperfections. The experimental results of the concurrence C and the geometric quantum discord D G for the 3×3 lattice model are shown in Fig. 1 . For the 4×3 lattice model they are shown in Fig. 2 . In Fig. 1 and 2 , the concurrence C exhibits periodical behavior when the strength of the static imperfections become very weak. Furthermore, the period is almost equal to the number of iterations that we will find the searched state |τ⟩ with highest probability (it is approximately 12 in Fig. 1 and around 35 in Fig. 2 ). As the strength of the imperfections increase, the amplitude decreases and the periodical behavior of entanglement is destroyed gradually. Hence the quantum search algorithm is unable to function properly.
Although the geometric quantum discord D G exhibit similar dynamical behaviors with concurrence C for small or moderate imperfections, they show different behaviors for large imperfections. When the strength of static imperfections exceeds a certain value, we see the sudden death of entanglement (as depicted in the left bottom panels of Fig. 1 and Fig. 2 ), while this phenomenon cannot be observed in dynamics of geometric quantum discord. Our numerical results suggests that quantum discord in quantum algorithms is more robust to static imperfections than quantum entanglement.
Conclusions
Quantum entanglement and non-entangled quantum correlations are valuable resources in quantum information processing, but at the same time, they are very fragile. In this paper we have numerically studied the dynamics of quantum entanglement and quantum discord in quantum computing systems with the static interqubit couplings. Static imperfections in quantum computing systems can break quantum correlations and seriously destroy operability, and thus lead to unpredictable computation results. Although the evolutions of both entanglement and quantum discord will be suppressed by static imperfections in the same way, quantum discord is slightly more robust against imperfections in comparison with quantum entanglement.
